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ASYMPTOTIC PLATEAU PROBLEM FOR PRESCRIBED MEAN
CURVATURE HYPERSURFACES
JEAN-BAPTISTE CASTERAS, ILKKA HOLOPAINEN, AND JAIME B. RIPOLL
Abstract. We prove the existence of solutions to the asymptotic Plateau
problem for hypersurfaces of prescribed mean curvature in Cartan-Hadamard
manifolds N . More precisely, given a suitable subset L of the asymptotic
boundary of N and a suitable function H on N , we are able to construct a set
of locally finite perimeter whose boundary has generalized mean curvature H
provided that N satisfies the so-called strict convexity condition and that its
sectional curvatures are bounded from above by a negative constant. We also
obtain a multiplicity result in low dimensions.
1. Introduction
In this note we consider an asymptotic Plateau problem for hypersurfaces of
prescribed generalized mean curvature and asymptotic behaviour at infinity on
Cartan-Hadamardmanifolds that have strictly negative curvature upper bound−α2
and satisfy the so-called strict convexity condition. We call such hypersurfaces as
H-mean curvature hypersurfaces, where H : N → [−H0, H0] is a given continuous
function, with 0 ≤ H0 < (dimN − 1)α. Recall that a Cartan-Hadamard manifold
N is a complete, connected, and simply connected Riemannian n-manifold, n ≥ 2,
of non-positive sectional curvature. It can be compactified by adding a sphere at
infinity ∂∞N and equipping the union N∪∂∞N with the cone topology; see [12] for
the details. We say that N satisfies the strict convexity condition (SC condition) if,
given x ∈ ∂∞N and a relatively open subset W ⊂ ∂∞N containing x, there exists
a C2 open subset Ω ⊂ N such that x ∈ int ∂∞Ω ⊂ W and N \ Ω is convex. Here
int ∂∞Ω denotes the interior of ∂∞Ω in ∂∞N . For later purposes we also denote
by bd the boundary relative to ∂∞N . The SC condition was introduced by Ripoll
and Telichevesky ([26]) in the context of an asymptotic Dirichlet problem for the
minimal graph equation.
The H-mean curvature hypersurfaces are natural generalizations of minimal hy-
persurfaces. Anderson ([3]) solved the asymptotic Plateau problem in the hyper-
bolic space Hn for absolutely area minimizing varieties of arbitrary dimension and
codimension. More precisely, he showed that, for any embedded closed submanifold
Γp−1 →֒ ∂∞Hn in the sphere at infinity, there exists a complete, absolutely area
minimizing locally integral p-current Σ ⊂ Hn asymptotic to Γp−1 at infinity. By in-
terior regularity results from geometric measure theory (see [13, 24]), Σ is smoothly
embedded in Hn provided that p = n−1 ≤ 6. Using similar methods based on mass
minimizing currents, Bangert and Lang extended Anderson’s results to Riemannian
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manifolds that are diffeomorphic and bi-Lipschitz equivalent to a Cartan-Hadamard
manifold that has pinched sectional curvature −b2 ≤ K ≤ −1 ([5]) or that is Gro-
mov hyperbolic and has bounded geometry ([20]). In these results the topology of
the minimal submanifold is not controlled. We refer to [4, 11, 22, 28] for existence
results of complete minimal hypersurfaces with prescribed topology.
Our research is inspired by the papers of Alencar and Rosenberg [1] and of
Tonegawa [30] who studied the asymptotic Plateau problem for constant mean
curvature hypersurfaces in the hyperbolic space. Tonegawa also investigated the
regularity up to the boundary. For existence results of constant mean curvature
hypersurfaces in Hn that can be represented as graphs we refer to [14, 25, 27]. We
refer to [8, 10] for a survey and recent developments on the H-Plateau problem in
the hyperbolic space. In this paper we obtain the hypersurfaces M of generalized
mean curvature H as reduced boundaries of sets of locally finite perimeter Q in N
that locally minimizes a family of functionals
(1.1)
∫
Q∩C
H(x)dm(x) +
∫
∂∗Q∩C
dHn−1
for all compact sets C ⊂ N .
In [6] we searched geometric conditions on N that would imply the SC condition.
We were able to verify the SC condition on manifolds whose curvature lower bound
could go to −∞ and upper bound to 0 simultaneously at certain rates, or on some
manifolds whose sectional curvatures go to −∞ faster than any prescribed rate.
For instance, the SC condition holds on N if
−
e2kr(x)
r(x)2+2ε
≤ KN (x) ≤ −k
2,
or
−c e(2−ε)r(x)ee
r(x)/e3
≤ KN(x) ≤ −φe
2r(x)
for all x ∈ N such that r(x) = d(x, o) ≥ R∗, R∗ large enough, and where k > 0, ε >
0, φ > 1/4, and c > 0 are constants. We refer to [6, Theorem 1.3] for more precise
conditions. The SC condition was also applied in [6] to solve asymptotic Dirichlet
and Plateau problems on Cartan-Hadamard manifolds.
Our main results read as follows.
Theorem 1.1. Let Nn be a Cartan-Hadamard manifold satisfying the SC condi-
tion. Suppose also that sectional curvatures of N have a negative upper bound
KN ≤ −α
2 < 0, α > 0.
Let L ⊂ ∂∞N be a relatively closed subset such that L = bdU = bdU ′ for some
disjoint relatively open subsets U,U ′ ⊂ ∂∞N with U ∪ U ′ = ∂∞N \ L. Suppose
that H : N → [−H0, H0] is a continuous function where 0 ≤ H0 < (n− 1)α. Then
there exists an open set Q ⊂ N of locally finite perimeter whose boundary M has
(generalized) mean curvature H towards N \Q, ∂∞Q ⊂ U ∪ L, and ∂∞M = L.
Following [1], we also obtain a multiplicity result:
Theorem 1.2. Let Nn and L ⊂ ∂∞N be as above. If H ∈]0, H0] is a constant,
there exist two disjoint open sets Qj ⊂ N, j = 1, 2, of locally finite perimeter whose
boundaries Mj have constant (generalized) mean curvature H and ∂∞Mj = L.
Moreover, if n ≤ 7, then M1 and M2 are disjoint.
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It seems that some kind of convexity condition is necessary to solve the asymp-
totic Plateau problem. Indeed, Kloeckner and Mazzeo [18, Corollary 5.2] proved,
in the case N3 = H2 ×R, which clearly does not satisfy the SC condition, that the
asymptotic Plateau problem for the geodesic compactification (the one described
above), is solvable only for very specific families of curves L. On a related topic,
Coskunuzer [9] also obtained non-existence results in the case N3 = H2×R but with
the product compactification i.e. ∂∞N = (∂∞H
2×R)∪(∂∞H2×∂∞R)×(H2×∂∞R).
A similar result has been obtained in [17] when N is the homogenuous space
E(−1, τ). Notice that in all the previous examples, the sectional curvatures are
null in some directions. The asymptotic Plateau problem for minimal hypersur-
faces might be solvable on manifolds satisfying, instead of the SC condition, a
strict mean convexity condition, where the convexity of sets N \ Ω is replaced by
mean convexity. We also believe that it should be possible to allow the sectional
curvatures of N to go to 0 not too fast (as in our results concerning the asymptotic
Plateau problem for minimal submanifolds [6]). But currently, we do not know how
to prove Lemma 3.1 in such settings; see in particular (3.1).
The plan of this note is the following: in Section 2 we introduce the variational
problem we are going to consider and prove the first variation formula for smooth
hypersurfaces. Using the first variation formula we then obtain a maximum princi-
ple. Then, in Section 3 we apply the SC condition and the curvature upper bound
to prove a “trapping” lemma (Lemma 3.1). Then we consider the asymptotic H-
Plateau problem and prove our main results.
Acknowledgement. We wish to thank the referee for suggestions, which led to
improvements in the presentation.
2. Prescribed (generalized) mean curvature
Let Nn be an n-dimensional Cartan-Hadamard manifold. Suppose that B =
B(o,R) is a geodesic (open) ball of radius R centered at o ∈ N and that Σ ⊂ ∂B
is a relatively open set, with Hn−2-rectifiable boundary Γ = ∂Σ (relative to ∂B).
Consider open sets Q ⊂ N of finite perimeter and with (topological) boundary
∂Q =M ∪ Γ ∪ Σ,
whereM ⊂ N is an Hn−1-rectifiable topological, not necessarily connected, (n−1)-
manifold.
Given a continuous function H : N → R we consider the following (Massari)
functional F ,
(2.1) F(M) =
∫
Q
H(x)dm(x) +
∫
M
dHn−1,
whereM and Q are as above. We call such M admissible for the functional F with
boundary data Γ.
We call H the prescribed mean curvature function. The terminology is justified
by the fact that a stationary M of the functional (2.1) has mean curvature H(x)
pointing outwardsQ at every point x ∈M whereM is smooth; see e.g. [23] and [21,
17.3]. We refer to [21, Theorem 17.5 and Prop. 17.8] for first variation formulae
of perimeter and potential energy. For our purposes, the first variation formula
(2.2) for a smooth hypersurface M is sufficient. For the convenience of reader’s we
sketch its proof. To this end, suppose that M is smooth and admissible for (2.1)
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with boundary data Γ. Let X be a smooth vector field such that X = 0 on Γ and
let Φ be the flow of X . For sufficiently small |t| we denote Mt = {Φ(x, t) : x ∈M}
and by Qt the set bounded by Mt ∪Γ∪Σ. To obtain the first variation formula for
smooth M we compute
δF(M)[X ] :=
d
dt
F(Mt)|t=0
=
d
dt
(∫
Qt
H(x)dm(x) +
∫
Mt
dHn−1
)
|t=0
=
d
dt
(∫
Qt
H(x)dm(x)
)
|t=0
+
∫
M
divM XdH
n−1
=
d
dt
(∫
Qt
H(x)dm(x)
)
|t=0
−
∫
M
〈X, ~H〉dHn−1,
where ~H is the mean curvature vector field ofM . To compute the first term on the
right-hand side we apply the co-area formula. For that purpose we define in sptX
and for sufficiently small |t| a smooth function f by setting f(x) = t for x ∈ Mt.
Thus f = 0 and ∇f = X⊥/|X⊥|2 on M =M0. Hence
lim
t→0
1
t
(∫
Qt
H(x)dm(x) −
∫
Q
H(x)dm(x)
)
= lim
t→0
1
t
(∫
Qt\Q
|∇f(x)||∇f(x)|−1H(x)dm(x)
−
∫
Q\Qt
|∇f(x)||∇f(x)|−1H(x)dm(x)
)
=
∫
M
〈Xx, νx〉H(x)dH
n−1(x),
where νx is the unit normal to M at x pointing outwards Q. To verify the last step
above, we may assume t→ 0+. Then the set Qt \Q, whenever nonempty for small
t > 0, corresponds those x ∈M where Xx points outwards Q, that is 〈Xx, νx〉 > 0.
The co-area formula now implies
lim
t→0+
1
t
∫
Qt\Q
|∇f(x)||∇f(x)|−1H(x)dm(x)
= lim
t→0+
1
t
∫ t
0
(∫
Ms∩(Qt\Q)
|∇f(x)|−1H(x)dHn−1(x)
)
ds
=
∫
M∩{〈X,ν〉>0}
〈Xx, νx〉H(x)dH
n−1(x).
Similarly,
lim
t→0+
1
t
∫
Q\Qt
|∇f(x)||∇f(x)|−1H(x)dm(x)
= −
∫
M∩{〈X,ν〉<0}
〈Xx, νx〉H(x)dH
n−1(x).
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Thus we obtain the first variation formula
(2.2) δF(M)[X ] =
∫
M
〈
Xx, H(x)νx − ~Hx
〉
dHn−1(x).
Assuming that a smooth hypersurface M is stationary, i.e.
δF(M)[X ] = 0
for all X as above, we conclude that M has prescribed mean curvature H(x) point-
ing outwards Q.
Fix o ∈ N and denote by H(x, r) the scalar (inwards pointing) mean curvature
of the geodesic sphere S(o, r) = ∂B(o, r) at x ∈ S(o, r). Hence H(x, r) = ∆r(x),
where r(x) = d(x, o), the Riemannian distance between o and x. Suppose that the
prescribed mean curvature function H satisfies
(2.3) |H(x)| < H(x, r) = ∆r(x)
for all x ∈ S(o, r) and r > 0.
We have the following maximum principle which is the counterpart of [15, Lemma
5], where the proof is given in dimension three in a slightly different setting.
Lemma 2.1. Let M ⊂ N be admissible for F with boundary data Γ ⊂ ∂B, B =
B(o,R), such that M \ B 6= ∅. Then there exists M ′ ⊂ B admissible for F with
boundary data Γ such that F(M ′) < F(M). In particular, if M0 is a minimizer of
the functional (2.1) with boundary data Γ, then M0 ⊂ B.
Proof. Let Q be the open set corresponding the setM and let U = Q\B. Note that
U is a nonempty open set, and therefore it has positive volume. By [2, Theorem
3.42] there are open sets Qi with smooth boundaries such that Qi converges to Q
in measure and Hn−1(∂Qi) = P (Qi) → P (Q) as i → ∞. Here P (Q) stands for
the perimeter of Q. Hence we may suppose that there exists a sequence of smooth
(n− 1)-manifolds Mi admissible for F with boundary data Γ such that Mi \ B 6=
∅, Mi ⊂ B(o,R+s) for some s > 0, and F(Mi)→ F(M). Therefore it is enough to
show that for each Mi there exists M
′
i ⊂ B admissible for F with boundary data Γ
such that F(M ′i) ≤ F(Mi)− c for some positive constant c independent of i. More
precisely, we prove that
(2.4) F(M ′i) ≤ F(Mi)−
1
2
∫
Ui
(
(1− ε)∆r(x) − |H(x)|
)
dm(x),
where Ui = Qi \ B and ε > 0 is such that |H(x)| < (1 − ε)∆r(x) for all x ∈
B(o,R+ s). Since Qi converges to Q in measure, we obtain an admissible M
′ ⊂ B
as the Hausdorff limit of M ′i ’s, with
(2.5) F(M ′) ≤ F(M)−
1
4
∫
U
(
(1 − ε)∆r(x) − |H(x)|
)
dm(x) < F(M).
The integral in (2.5) is positive since U has positive volume and (1− ε)∆r− |H | is
positive in U .
To prove (2.4) we fix Mi and let x1 be a point of Mi at the maximal distance
from o. Then the mean curvature vector ~Hx1 of Mi at x1 is parallel to −∇r(x1)
and | ~Hx1 | ≥ ∆r(x1). Let r1 be the infimum of all r ≥ R such that
(2.6) 〈 ~Hx,∇r(x)〉 < 0 and | ~Hx| ≥ (1− ε)∆r(x) > |H(x)|
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for all x ∈ Mi with r(x) ≥ r. We notice that r1 < r(x1). Next we define a
complete smooth vector field X1 on N by setting X1(x) = −ρ1
(
r(x)
)
∇r(x), where
ρ1 : [0,∞)→ [0,∞) is a smooth function such that ρ1(s) > 0 if and only if s > r1.
Let Φ1 : R×N → N be the flow of X1 and denote
M ti = {Φ1(t, x) : x ∈Mi}
for t > 0. Furthermore, let
Ui,1 = {Φ1(t, x) : t > 0, x ∈Mi \B(o, r1)}
=
{
expo tv : r1/|v| < t < 1, v ∈ exp
−1
o
(
Mi \B(o, r1)
)}
be the open set whose boundary is contained in
(
Mi \B(o, r1)
)
∪ ∂B(o, r1). Notice
that Ui,1 ⊂ Ui by (2.6), in fact, Ui,1 = Ui \ B(o, r1). Finally, let M˜i,1 be the
Hausdorff limit of M ti as t→∞. Thus
M˜i,1 =
(
Mi ∩B(o, r1)
)
∪
{
expo(r1v/|v|) : v ∈ exp
−1
o
(
Mi \B(o, r1)
)}
,
the union of Mi ∩B(o, r1) and the radial projection of Mi \B(o, r1) into ∂B(o, r1).
Notice that Mi ∩B(o, r1) = M˜i,1. Using (2.6) and the co-area formula we obtain
F(M˜i,1) = F(Mi) +
∫ ∞
0
δF(M ti )[X1]dt
= F(Mi)−
∫ ∞
0
(∫
Mt
i,1
〈X1(x), ~Hx −H(x)νx〉dH
n−1(x)
)
dt(2.7)
≤ F(Mi)−
∫
Ui,1
(
(1 − ε)∆r(x) − |H(x)|
)
dm(x).
To verify the inequality in (2.7) we define a smooth function f on Ui,1 by setting
f = t on M ti,1 ∩ Ui,1 and apply the co-area formula with the function f . Now
∇f = X⊥1 /|X
⊥
1 |
2 onM ti,1∩Ui,1, where X
⊥
1 is the orthogonal component of X1 with
respect to M ti,1. Thus
|∇f(x)|−1 = |X⊥1 (x)| = 〈X1(x), ~Hx/| ~Hx|〉
for x ∈ M ti,1, where ~H is the mean curvature vector field of M
t
i,1. Since | ~Hx| >
|H(x)| and ~Hx is parallel to −νx, the vector ~Hx is parallel to ~Hx − H(x)νx, and
therefore
〈X1(x), ~Hx −H(x)νx〉 = −ρ1(x)〈∇r(x), ~Hx −H(x)νx〉 > 0
in Ui,1. More precisely,
〈X1(x), ~Hx −H(x)νx〉 ≥ (| ~Hx| − |H(x)|)〈X1, ~Hx/| ~Hx|〉
≥
(
(1− ε)∆r(x) − |H(x)|
)
|∇f(x)|−1
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in Ui,1. We obtain∫
Ui,1
(
(1 − ε)∆r(x) − |H(x)|
)
dm(x)
=
∫
Ui,1
(
(1− ε)∆r(x) − |H(x)|
)
|∇f(x)|−1|∇f(x)|dm(x)x
=
∫ ∞
0
(∫
Mt
i,1
(
(1− ε)∆r(x) − |H(x)|
)
|∇f(x)|−1dHn−1(x)
)
dt
≤
∫ ∞
0
(∫
Mt
i,1
〈X1(x), ~Hx −H(x)νx〉dH
n−1(x)
)
dt,
and the estimate (2.7) follows.
If r1 = R, we obtain (2.4) since M˜i,1 ⊂ B and Ui,1 = Ui in that case. If r1 > R
we continue by smoothing out M˜i,1 in a neighborhood of Mi ∩ ∂B(o, r1) to obtain
a smooth Mi,1 ⊂ Ui ∩B(o, r1) admissible for F with boundary data Γ. We denote
by Qi,1 the open set bounded by Mi,1 ∩ Γ ∩ Σ. We also write Q˜i,1 = Qi ∩B(o, r1)
and Ai,1 = Q˜i,1 \ Qi,1. The smoothing can be done such that the volume of Ai,1
and Hn−1(Mi,1 \ M˜i,1) are as small as we wish, in particular, so that
F(Mi,1)−F(M˜i,1) ≤ −
∫
Ai,1
H(x)dm(x) +Hn−1
(
Mi,1 \ M˜i,1
)
<
1
4
∫
Ui
(
(1− ε)∆r(x) − |H(x)|
)
dm(x).
We repeat the argument above by choosing a point x2 ⊂ Mi,1 at the maximal
distance from o and letting r2 be the infimum of r ≥ R such that (2.6) holds for
all x ∈Mi,1, with r(x) ≥ r. Then r2 < r1 by the smoothing process. We obtain an
admissible M˜i,2 ⊂ B(o, r2) with
F(M˜i,2) ≤ F(Mi,1)−
∫
Ui,2
(
(1− ε)∆r(x) − |H(x)|
)
dm(x),
where
Ui,2 =
{
expo tv : r1/|v| < t < 1, v ∈ exp
−1
o
(
Mi,1 \B(o, r2)
)}
⊂ Ui.
If r2 = R, we are done. Otherwise we smooth out M˜i,2 ⊂ B(o, r2) to obtain an
admissible smooth Mi,2 ⊂ B(o, r2) with
F(Mi,2)−F(M˜i,2) <
1
42
∫
Ui
(
(1− ε)∆r(x) − |H(x)|
)
dm(x).
By continuing this way we get a strictly decreasing (possible finite) sequence rj ≥ R
and admissible M˜i,j ,Mi,j ⊂ B(o, rj), where Mi,j is smooth, such that
F(Mi,j) < F(Mi,j−1)−
∫
Ui,j
(
(1 − ε)∆r(x) − |H(x)|
)
dm(x)
+
1
4j
∫
Ui
(
(1− ε)∆r(x) − |H(x)|
)
dm(x).
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At each step rj is the infimum of r ≥ R such that (2.6) holds for all x ∈ Mi,j−1,
with r(x) ≥ r. Hence
F(Mi,j) < F(Mi)−
∫
⋃j
k=1
Ui,k
(
(1− ε)∆r(x) − |H(x)|
)
dm(x)
+
j∑
k=1
(
1
4
)k ∫
Ui
(
(1− ε)∆r(x) − |H(x)|
)
dm(x)
< F(Mi)−
∫
⋃j
k=1
Ui,k
(
(1− ε)∆r(x) − |H(x)|
)
dm(x)
+
1
3
∫
Ui
(
(1 − ε)∆r(x) − |H(x)|
)
dm(x).
If rk = R for some k, we are done. Similarly, if r∞ := limj rj = R, the Hausdorff
limit M ′i of Mi,j ’s is admissible, M
′
i ⊂ B, and satisfies
F(M ′i) < F(Mi)−
∫
∪jUi,j
(
(1 − ε)∆r(x) − |H(x)|
)
dm(x)(2.8)
+
1
3
∫
Ui
(
(1− ε)∆r(x) − |H(x)|
)
dm(x).
On the other hand, if r∞ := inf rj > R, the Hausdorff limit M
′
i ⊂ B(o, r∞), M
′
i ∩
∂B(o, r∞) 6= ∅, and (2.8) holds. Repeating the process once more gives a contra-
diction with the definition of r∞. Moreover, the smoothing processes can be done
so that the set Ui \
(
∪j Ui,j
)
has as small volume as we wish; see [29]. Finally, since
the sets Ui converge to U in measure, we obtain M
′ ⊂ B admissible for F with
boundary data Γ such that
F(M ′) ≤ F(M)−
1
4
∫
U
(
∆r(x) − |H(x)|
)
dm(x).

Remark 2.2. (1) In fact, the constant 1/4 in (2.5) can be replaced by 1. In-
deed, instead of the constant ratio 1/4 in geometric series we may use a
constant q > 0 as small as we wish and perform the smoothing processes
so that the lost of volume is as small as we like. Then 1/4 in (2.5) can be
replaced by any constant c < 1, hence also by 1.
(2) Consider open sets Q ⊂ N of finite perimeter with topological boundary
of the form ∂Q = M ∪ Γ ∪ Σ, where Σ is a relatively compact Hn−1-
rectifiable topological (n − 1)-manifold whose relative boundary Γ = ∂Σ
is Hn−2-rectifiable. We define the (Massari) functional F as in (2.1) also
in this setting. Suppose that Γ ⊂ B(o,R) for some R > 0. The proof of
Lemma 2.1 then gives that any minimizer of F with boundary data Γ must
stay inside B(o,R).
(3) The existence of minimizers is proven below right before Lemma 3.1.
3. Asymptotic H-Plateau problem
Throughout this section we assume that N satisfies the SC condition and that
the sectional curvatures of N are bounded from above by a negative constant −α2.
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Suppose, furthermore, that
|H(x)| ≤ H0 < (n− 1)α.
Then there exists r0 such that (n−1)α tanh(αr0) > H0. If A ⊂ N is an open convex
set, we denote by A0 the (open) r0-neighborhood of A and we write A
+
0 = N \A0.
Let U and U ′ be disjoint relatively open sets in ∂∞N such that U∪U
′ = ∂∞N \L,
where L = bdU = bdU ′. Furthermore, let O be the (open) tubular neighborhood
of Coneo L with fixed positive radius δ and let O˜ be the tubular neighborhood of
Coneo U with the same radius δ. Note that O ⊂ O˜. As in [6, Lemma 4.1] we take,
for each x ∈ ∂∞N \ L, a relatively open set Wx ⊂ ∂∞N \ L such that x ∈Wx and
then apply the SC condition and the Hessian comparison to obtain a C2 smooth
open subset Ωx ofN such that x ∈ int ∂∞Ωx ⊂Wx, N\Ωx is convex, and Ωx∩O = ∅
for every x ∈ ∂∞N \ L.
We define
Λ =
⋂
x∈∂∞N\L
(N \ Ωx),
Λ˜ =
⋂
x∈U ′
(N \ Ωx).
Then O ⊂ Λ, O˜ ⊂ Λ˜, Λ and Λ˜ are closed in N , Int Λ and Int Λ˜ are open convex
subsets of N such that ∂∞Λ = L and ∂∞Λ˜ = L ∪ U .
For a fixed R > 0 we approximate ∂B(o,R)∩ O˜ by a relatively open subset Σ ⊂
∂B(o,R) so that its boundary Γ := ∂Σ is anHn−2-rectifiable subset of ∂B(o,R)∩O.
We consider [Σ] as a rectifiable (n − 1)-current and [Γ] = ∂[Σ] as a rectifiable
(n− 2)-current. Let Mj, j ∈ N, be a minimizing sequence for the functional (2.1)
with boundary data Γ. Then there exists a subsequence, still denoted by Mj , and
an Hn−1-rectifiable set M such that [Mj ] → [M ] and ∂[M ] = [Γ] as currents. It
follows thatM is a minimizer for (2.1) with boundary data Γ, henceM ⊂ B(o,R) by
Lemma 2.1. Next we prove thatM ⊂ B(o,R)∩Λ0, where Λ0 is the r0-neighborhood
of Λ, cf. [7, Theorem 1.1].
Lemma 3.1. Let Γ ⊂ ∂B(o,R) ∩ O be the boundary of Σ ⊂ ∂B(o,R) ∩ O˜ as
above. Then there exists a minimizer M of (2.1) with the boundary data Γ such
that M ⊂ B(o,R) ∩ Λ0.
Proof. The existence of a minimizer M was obtained above. By Lemma 2.1, it
suffices to prove thatM ⊂ Λ0. Hence it is enough to show that, for all x ∈ ∂∞N \L,
M ⊂ (N \ Ωx)0, where (N \Ωx)0 is the r0-neighborhood of the (C
2-smooth) convex
set N \ Ωx. Let d = dist(·, N \ Ωx) be the Riemannian distance to the convex set
N \ Ωx. Then d is C2-smooth in N \ Ωx and the Hessian comparison theorem [16]
implies that
(3.1) ∆d(z) ≥ (n− 1)α tanh
(
αd(z)
)
≥ (n− 1)α tanh
(
αr0
)
> H0 ≥ |H(z)|
for all z ∈ (N\Ωx)
+
0 = N\(N \ Ωx)0. Assume on the contrary thatM∩(N\Ωx)
+
0 6=
∅. As in the proof Lemma 2.1 there is a sequence of smooth (n− 1)-manifolds Mi
admissible for the functional F with boundary data Γ such thatMi∩(N \Ωx)
+
0 6= ∅
and F(Mi)→ F(M). Again, for each fixed Mi, if x1 ∈ Mi is at maximal distance
from N \ Ωx, the mean curvature vector ~Hx1 of Mi is parallel to −∇d(x1) and
| ~Hx1 | ≥ ∆d(x1) > H(x1). Hence 〈 ~Hx,∇d(x)〉 < 0 and | ~Hx| > |H(x)| for all
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x ∈Mi with d(x) ≥ d1 = d(x1)− ε. Next we define a smooth vector field on N by
setting Xx = −ρ
(
d(x)
)
∇d(x), where ρ : [0,∞)→ [0,∞) is a smooth non-decreasing
function such that ρ(t) > 0 if and only if t > d1. Then 〈Xx, H(x)νx − ~Hx〉 < 0 for
d(x) > d1 and vanishes elsewhere. Applying the first variation formula to Mi with
the vector field X we obtain
δF(Mi)[X ] =
∫
Mi
〈
Xx, H(x)νx − ~Hx
〉
dHn−1(x) < 0.
In particular, deforming Mi in the direction of X decreases the value of the func-
tional and repeating a similar argument as in the proof of Lemma 2.1 we may
conclude that the minimizer M must stay inside (N \ Ωx)0. 
Now we are ready to prove our first main theorem. For convenience we repeat
it from Introduction.
Theorem 3.2. Let Nn be a Cartan-Hadamard manifold satisfying the SC condi-
tion. Suppose also that sectional curvatures of N have a negative upper bound
KN ≤ −α
2 < 0, α > 0.
Let L ⊂ ∂∞N be a relatively closed subset such that L = bdU = bdU
′ for some
disjoint relatively open subsets U,U ′ ⊂ ∂∞N with U ∪ U ′ = ∂∞N \ L. Suppose
that H : N → [−H0, H0] is a continuous function where 0 ≤ H0 < (n− 1)α. Then
there exists an open set Q ⊂ N of locally finite perimeter whose boundary M has
(generalized) mean curvature H towards N \Q, ∂∞Q ⊂ U ∪ L, and ∂∞M = L.
Proof. The proof is an adaptation of a method of Lang [19]; see also [5] and [6].
We apply Lemma 3.1 in geodesic balls B(o,Ri), where Ri → ∞ is an increasing
sequence. For each i we approximate ∂B(o,Ri) ∩ O˜ by a relatively open subset
Σi ⊂ ∂B(o,Ri) so that Γi := ∂Σi ⊂ ∂B(o,Ri)∩O is Hn−2-rectifiable. Furthermore,
let Mi ⊂ B(o,Ri)∩Λ0 be a minimizer of (2.1) with the boundary data Γi given by
Lemma 3.1. Then M i∪Σi bounds an open set Qi of finite perimeter. Furthermore,
total variations are locally uniformly bounded as
sup
i
||∂[Qi]||
(
B(o, r)
)
≤ Hn−1
(
∂B(o, r)
)
+H0 Vol
(
B(o, r)
)
,
the upper bound depending only on r, n, and the sectional curvature lower bound
on B(o, r). Hence there exists a subsequence Qij and a set Q ⊂ N of locally finite
perimeter with boundary M = ∂Q such that [Qij ] → [Q] and [Mij ] → [M ] as
currents and that M is a minimizer for F in the sense that δF(M)[X ] = 0 for
all compactly supported smooth vector fields. Hence M has (generalized) mean
curvature H pointing outwards Q. Furthermore, since M ⊂ Λ0 and ∂∞Λ0 = L,
we have ∂∞M ⊂ L. To prove that L ⊂ ∂∞M , take an arbitrary point x ∈ L and
let V be a (cone) neighborhood of x. Then there exists a geodesic γ : R → N ,
a closed tubular neighborhood K of γ(R), with K ⊂ V , and points at infinity
γ(−∞) ∈ U ∩ V, γ(∞) ∈ U ′ ∩ V . Hence for all sufficiently large i, K intersects
both ∂B(o,Ri) ∩ Coneo U and ∂B(o,Ri) ∩ Coneo U ′, and consequently [Γi] can
not be a boundary of a rectifiable (n − 1)-current T with sptT ⊂ B(o,Ri) \ K.
In particular, Mi intersects with V for all sufficiently large i, and since V is an
arbitrary neighborhood of x, we conclude that x ∈ ∂∞M . Hence L ⊂ ∂∞M . 
Remark 3.3. Notice that, by regularity theory, a minimizer M of the functional
(2.1) is a C2-smooth (n − 1)-dimensional manifold up to a closed singular set of
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Hausdorff dimension at most n − 8; see e.g. [23, Teorema 5.1, 5.2]. In particular,
in dimensions n ≤ 7, a minimizer M is C2-smooth.
The next result is a generalization of [1, Theorem 3].
Theorem 3.4. Let Nn be a Cartan-Hadamard manifold satisfying the SC condi-
tion. Suppose also that sectional curvatures of N have a negative upper bound
KN ≤ −α
2 < 0, α > 0.
Let L ⊂ ∂∞N be a relatively closed subset such that L = bdU = bdU ′ for some
disjoint relatively open subsets U,U ′ ⊂ ∂∞N with U ∪U ′ = ∂∞N \L. If H ∈]0, H0]
is a constant, there exist two disjoint open sets Qj ⊂ N, j = 1, 2, of locally finite
perimeter whose boundaries Mj have constant (generalized) mean curvature H and
∂∞Mj = L.
Proof. Let Q1 ⊂ N , with ∂∞Q1 ⊂ U ∪ L, be an open set of locally finite perime-
ter obtained in (the proof of) Theorem 1.1. Thus its boundary M1 has constant
(generalized) mean curvature towards N \Q1. Repeating the construction with Σi
replaced by Σ′i = ∂B(o,Ri) \ (Σi ∪ Γi) gives another open set Q2 of locally finite
perimeter whose boundary M2 has constant mean curvature H towards N \ Q2.
Furthermore, ∂∞Q2 ⊂ U ′ ∪ L and ∂∞Mj = L. In the special case H ≡ 0, The-
orem 1.1 yields the existence of an open set W ⊂ N of locally finite perimeter
such that S = ∂[W ] is a (mass) minimizing locally rectifiable (n− 1)-current (with
integer multiplicity) and ∂∞ sptS = L; see also [6, Theorem 1.6]. Then Q1 ⊂ W
and Q2 ⊂ N \W since otherwise it would be possible to strictly decrease the value
of the functional F by replacing M1 ∩ (N \W ) with sptS ∩ Q1, and similarly for
Q2,M2. Hence Q1 ∩Q2 = ∅. 
Remark 3.5. Although Q1 ∩ Q2 = ∅, the above reasoning does not imply that
the boundaries M1 and M2 are (pointwise) disjoint. We believe that M1 ∩M2 = ∅
but, unfortunately, we are not able to prove it in full generality. However, using
the regularity results from geometric measure theory it is possible to prove that the
intersection M1∩M2 is rather small and, in particular, an empty set in dimensions
n ≤ 7; see Remark 3.3.
Theorem 3.6. Let Qi and Mi, i = 1, 2, be given by Theorem 1.2. Denote by Si the
closed singular sets of Hausdorff dimension at most n−8 such that Mi\Si, i = 1, 2,
are C2-smooth submanifolds. Then (M1 \ S1) ∩ (M2 \ S2) = ∅. In particular, in
dimensions n ≤ 7, the sets Si are empty, and consequently M1 and M2 are disjoint.
Proof. Suppose on the contrary that (M1 \ S1) ∩ (M2 \ S2) 6= ∅ and let x ∈ (M1 \
S1)∩ (M2 \S2). Then Mi \S1 has constant mean curvature H at x towards N \Qi.
Now both M1 and M2 are subsets of N \ Q2 intersecting tangentially at x. Since
M1 has mean curvature −H at x towards N \ Q2 and M2 has mean curvature H
at x towards N \Q2, we get a contradiction since H > 0. 
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